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Thermal Response of Thin-Film High-7T, Superconductors
to Modulated Irradiation

Patrick E. Phelan™
University of Hawaii at Manoa, Honolulu, Hawaii 96822

A one-dimensional analytical thermal model applied to thin-film high-7', superconductors provides a conven-
ient technique for calculating the bolometric response of these films to modulated irradiation. Significant features
of the model include modulated radiative heating of the film, film/substrate and substrate/cold finger thermat
boundary resistances, and Joule heating within the film. The calculated voltage response is in qualitative
agreement with measured data, and exhibits the same trends as the data for all calculated frequencies. In a
parametric study, the effects of varying substrate/cold finger thermal boundary resistance and substrate thickness
are shown to be especially significant with regard to the responsivity at low frequencies.

Nomenclature
contact area, m-
film radiative absorptance
specific heat, J kg ' K !
substrate thickness, mm
film thickness, nm
dimensionless constant, Eq. (14)
Fourier number
radiation modulation frequency, Hz
thermal conductance, W K~!
= width of the high-T, bridge, m
= bias current, A
bias current density, A m -
thermal conductivity, Wm~! K !
length of the high-T. bridge, m
complex refractive index
dimensionless constant, Eq. (10)
incident radiative heat flux, W m
thermal resistance, m* K W !
total thermal resistance, K W !
real part
electrical resistivity, { m
temperature, K
time, s
position coordinate
= dimensionless constants, Eq. (10)
dimensionless constant, Eq. (10)
temperature increase, K
voltage increase, V
= dimensionless constant, Eq. (14)
= dimensionless temperature
dimensionless time
= dimensionless constants, Eq. (14)
= dimensionless complex temperature
= dimensionless constant, Eq. (14)
= angular frequency, rad s '
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Subscripts
ac = periodic component
b = film/substrate interface
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cu = substrate/Cu interface
dc = nonperiodic component
f = film

s = substrate

0 = initial

Superscript

= dimensional variable

Introduction

HIN-FILM high-T. (high-critical temperature) supercon-

ductors are widely advocated to be used as the sensing
element in infrared (IR) and far-IR bolometers.'* Their volt-
age response to incident radiation comes about through two
mechanisms: 1) a bolometric, or thermal, mechanism, and 2)
a nonbolometric, or nonthermal, mechanism. The bolometric
mechanism is due to an increase in the film temperature caused
by the irradiation, which results in a detectable change in the
temperature-dependent electrical resistivity of the film. The
nonbolometric mechanism is based on the nonequilibrium
quasiparticle density that can be induced by the irradiation.
In this study, a thermal analysis of the bolometric response
is applied to a system composed of a high-T, thin film on a
substrate, which is illuminated by modulated or chopped,
continuous-wave (cw) irradiation. The goal of the investiga-
tion is to provide a relatively simple, yet accurate, thermal
model that can be used to enhance the design of high-T.
radiation detectors. More comprehensive numerical models
on the voltage response to pulsed® * and cw® irradiation have
been presented earlier. Here, a one-dimensional analytical
thermal model, based on the classical Fourier equation, is
employed that considers the film/substrate and substrate/cold
finger thermal boundary resistances, radiative absorption and
Joule heating within the film, and thermal conduction in the
substrate. The calculated voltage response is compared with
experimental data,” in which a meander-patterned Y-Ba-Cu-
O film on a LaAlO, substrate was irradiated with a light-
emitting diode (LED) that produced incoherent radiation with
a peak wavelength at 0.85 um, and which was modulated with
a fixed square-wave driving current. It was found® that the
measured voltage response deviated from that calculated us-
ing a simple thermal model that assumed a constant value of
G, the overall thermal conductance between the film and the
environment, for modulation frequencies f above about 30
Hz. However, it has been shown that G can vary strongly
with f for a high-T, microbolometer,” thus impacting the pre-
dicted voltage response. The present analytical model makes
no such assumptions about G, and thus is able to more ac-
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curately predict the high-frequency thermal voltage response
of the high-T, film.

Thermal Model

A schematic diagram of the meander pattern employed in
the previous experimental study® is presented in Fig. 1a. The
voltage and current taps are not shown. The total length of
the Y-Ba-Cu-O bridge L is 3.358 cm, the width 4 is 90 um,
and the spacing between the lines is 150 um. The entire mean-
der pattern is uniformly irradiated with the LED positioned
approximately 1.5 cm from the sample.

Figure 1b is an expanded isometric view of the central por-
tion of the meander pattern demarcated in Fig. 1a. The film
thickness d is 550 nm, and the substrate thickness D is 0.5
mm. The sample is cooled by conduction to a Cu cold finger
at the base of the substrate, with the rest of the sample ex-
posed to vacuum. The system is modeled as the one-dimen-
sional configuration shown in Fig. 2, which enables a relatively
simple analytic solution to be derived. The incident radiative
heat flux g, is assumed to be absorbed only within the film,
with a film absorptance a,. The value for 4, is calculated using
planar geometric optics, which is appropriate considering the
incoherent nature of the source. The geometry for calculating
a,is the same as that of Fig. 2, i.e., a two-layer planar structure
bounded on both sides by semi-infinite media. The refractive
indices at 0.85 um of the film N,, the substrate N,, and of the
Cu cold finger N, are assigned the following values: N, =
1.401 + 0.260i%; N, = 2.098 + 0.012{?; and N, = 0.270 +
5.442i."* The medium above the film is vacuum, with a re-
fractive index of 1 + 0i. For the given dimensions of d =
550 nm and D = 0.5 mm, a, is 0.849.

The principal features of the model are one-dimensional
transient thermal conduction within the substrate, a “‘lumped”
film, periodic radiative heating within the film, Joule heating
within the film, and thermal boundary resistance between the
film and substrate R, and between the substrate and Cu cold
finger R.,. In nondimensional form, the one-dimensional sub-
strate heat conduction equation is

" (1)

where 6, is the substrate temperature, 7t time, Fo the Fourier
number, and z the spatial coordinate (see Fig. 2). The defi-
nitions of these variables are given as follows:

0, = (T, - Tn)/Tm

T=wt, z=2z/D, Fo = a/wD?

)

in which the subscript 0 means the initial condition, w = 27 f
the angular frequency of the modulation, t the dimensional
time, «, the substrate thermal diffusivity, * signifies a dimen-
sional variable, and the subscript s represents the substrate.

Equation (1) is subject to the following boundary condi-
tions. At the film/substrate interface (z = 1)

a6 D
= =T, —
9z k\R,,[/

6, (z = 1] )
where &, is the substrate thermal conductivity, and 6, the
nondimensional film temperature, which is governed by the
film energy equation:

dr ,
dT J?
9_91 _ a,q,(7) rod? N T=T, 0
dr  dpc;Tow  preTow prerw /
1
6, - 6,z = )] @
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Fig. 1 a) Etching pattern and b) film and substrate employed in the
experimental study.®
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Fig. 2 Schematic diagram of the thermal model.

where p, and ¢, are the film density and specific heat, r, the
film electrical resistivity at T,,, dr/dT| .. ,, the film temperature
derivative of r at T, and J the bias current density. In Eq.
(4), the Joule heating in the film has been linearized via

R dr
rJ: = [r(, + (d_T

thus permitting an analytical solution to the problem. The
incident radiative heat flux g;(7) is a square wave modulated

at frequency f, and has a peak amplitude of 21.3 W m 2.
At the substrate/Cu interface (z = 0)

) (T/ - Tn)] J? (5)

D

06,
= —— 0
KR (©)

dz

where the Cu cold finger temperature is assumed to remain
constant at 7, the initial temperature for both the film and
the substrate.
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Thermal Boundary Resistances

The film/substrate thermal boundary resistance R, has been
measured for various high-7, films and substrates.!'~"* For
the temperatures considered in this study, where T, = 79.5
K, R, is approximately constant at 10-7 m? K W1,

The substrate/Cu thermal boundary resistance is deter-
mined primarily by the thickness of the vacuum grease layer
between the substrate and the cold finger.® The measured
thermal conductivity of Apiezon N grease at 100 K of =0.1
W m~! K- and assuming a thickness of 0.1 mm, yields
R., = 1073 m? K W', For steady-state, dc conditions, the
total thermal resistance R, (in K/W) can be represented as

R, D R.,

R A; * kA, A, )
where A, and A, are the film and substrate contact areas,
respectively. The inverse of R, is G, the overall thermal
conductance. Taking A, = h X L = 3.022 x 107 m? and
A, = 5.0 x 10 ° m?, the entire substrate area, yields G =
49 mW/K. However, the actual substrate area involved in the
heat conduction path will be less than the total area, so that

this value of G represents an upper bound. Taking A, = A,

yields a lower bound of G = 3 mW/K. These values are
compared with the measured® one of G = 8.2 mW/K.

These values are applicable only for steady-state, dc heating
of the film, such as that generated by Joule heating with no
irradiation. As the film undergoes periodic irradiation, G will
increase with increasing frequency, as demonstrated previously’
and in the following results. The value of R, = 10" m2 K
W !is assumed valid for the range of calculated frequencies
(10 “—10° Hz), and is considered to be independent of tem-
perature. For this particular experiment,® R, is the dominant
resistance to heat conduction from the film.

Thermophysical and Electrical Properties

The thermophysical properties are taken to be constant at
the values corresponding to the initial temperature (7, = 79.5
K). since the temperature rise caused by the irradiation and
Joule heating is less than 1 K. For Y-Ba-Cu-O, using the
property functions determined earlier,* yields p, = 6350 kg
m “andc, = 162 J kg ' K '. The thermal conductivity & is
not needed in the analysis because the film is assumed to be
lumped.

For LaAlO,, p, = 6520 kg/m>.'* The volumetric specific
heat p,c, of this particular sample® was determined to be 5.9
x 10°J K '"'m 7, thus yielding ¢, = 90.5J kg ' K-'. The
thermal conductivity k., at 79.5 K, is 26.2 Wm ! K- 1.1®

Although Eq. (4) includes the initial electrical resistivity,
r,. during periodic heating only the temperature derivative
dr/dT| ;. is important. As given in the experimental study,®
dR/AAT|,. 4, is 672 Q K ! for this sample, yielding dr/dT| . 1,
=99 x 10 7 O m K '. The derivative dR/dT|,_, was
reported to be independent of bias current for currents sig-
nificantly less than the sample critical current.®

Solution

The solution for 6§, can be separated into a dc, or steady-
state, nonperiodic component, and an ac, or steady-state,
periodic component.” The radiative input is correspondingly
written as the sum of a dc component and an ac component

arq;  4rq;
a,q; = —— + —— cos(r 8
a4, = 5 + =5 cos(r) (8)
where the incident square wave is modeled as a sinusoid for
simplicity.
The solution for the dc component 6,,. is straightforward
and is expressed as

o @+ Tl + y + (RyR)]
fde Ty ]‘2[1 + v + (R“./Rh)]

©)
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where
a,q,R, D dR,J,
) -y ’ F =0
C=7r, - YTkr T
(10)
dr
I, =dR,J? [ —
= v (& W)

Thus, Q represents the radiative input, I'; the initial Joule
heating, and I', the additional Joule heating incurred during
the film temperature increase. Note that if it is desired to
learn the film temperature rise due to Joule heating only (i.e.,
q; = 0), take Q@ = 0 in the previous expression.

A complex representation for 6, is employed to determine
the ac component 6, ., such that

.. = Rely] (11)

where s, is the complex temperature. Assuming the solution
for ¢, is in the form

d’/‘ = ‘/Mufif (12)
where i = V — 1, the resulting expression for ¥, is
= { ®,e" — ED,em }
o (Qi — T + D)[d,e" — Edbre ] — y\2Fo(e" + Ee ")
(13)
where
I+ .
n = —m Q = dp,c,wR,, ®, =1+ i+ yV2Fo
_ (1 + i)k,R., — D\V2Fo
b, =1+~ 2Fo, E = —
: = yV2Fo (1 + )kR., + DV2Fo
(14)
and then the peak film temperature rise AT, = T,,. — T,
is found from
AT/Lm- = Tn Rew//o] (15)

Results and Discussion

A comparison between the calculated voltage response AV,
and the measured voltage response AV, is given in Fig. 3.
For this and the following graphs, d = 550 nm and R, =
10 7 m* K W !, with the other parameters reported in the
figure captions. The calculated voltage response is determined
from

dR
AV, =1 AT,.. (16)

T=Ty

where [ is the dc bias current. Also shown for comparison is
the result of the previous model presented with the experi-
mental data,® in which the dc value of G is applied for all
frequencies. It is readily apparent that for higher frequencies,
the present theoretical results more closely match the exper-
imental data, even though a relatively simple one-dimensional
model has been assumed. Multidimensional effects may be-
come more significant when the frequency-dependent thermal
penetration depth!” & in the substrate, calculated from

8 = Va/af a7)

becomes comparable with one-half the spacing between the
meander lines (Fig. 1). This occurs around 1.5 x 10° Hz for
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Fig. 3 Comparison between experimental and calculated results (D
= 0.5mm, / = 500 uA, R, = 10> m> K W),

Fig. 4 Equivalent thermal resistance network.

the LaAlO; substrate, and may explain the slight change in
slope in the experimental data of Fig. 3 between 10°-10* Hz.

Both the experimental data and the present theory show a
distinct change of slope in the voltage response between 10'—
10* Hz, a feature which is not indicated by the earlier model.
The explanation lies in the frequency dependence of G.

An approximate equivalent thermal resistance network is
presented in Fig. 4 that includes frequency-dependent effects.
The film node, or temperature T}, is shown at the upper right
portion of the diagram. The other temperatures are the sub-
strate temperature adjacent to the film/substrate interface
(T, .p)» the substrate temperature adjacent to the substrate/
Cu interface (T, ), and the initial temperature 7,,. The ther-
mal resistances R, ,and R, are the resistances due to the
film and substrate heat capacities, respectively. These resis-
tances are derived by considering the transient term in the

“energy equation. For example, in the film we have

aT, AT,
Wi = ber =R,

(18)

where ¢, ,is the heat flux being absorbed by the film heat
capacity. If the temperature derivative is scaled as

aT,
= wAT, (19)
then for R, , we have
Ry, ~ Vdp;c;o (20)

A similar expression is derived for R,,.,. However, in this case
8 must also be considered, yielding

1/Dpcw, D <
= (21)

e Uspe,w, 8< D

For dc heating where w = 0, R, and R, are both infinite,
leaving the traditional dc thermal resistance network of R,
R and R,

For low frequencies less than about 2 x 10-! Hz, AV, is
almost flat. At these frequencies, R, ,and R, are so large
that these paths are effectively open circuits, so that all the
heat flow proceeds from T, vertically downward to T,. A
comparison of the magnitudes of R,, R, and R, shows
that R, is the dominating resistance at 107°* m> K W1, Since
R, remains constant, the effective thermal resistance between
T, and T, remains constant, and hence, the constant AV,.

“Around f =2 x 10! Hz, R, becomes comparable to R,
(of order 107* m2 K W~ ), so that now some of the heat flux
passes through R, . From Eq. (21), R, decreases with in-
creasing f, and thus the effective resistance between T, and
T, decreases, resulting in the decrease in AV.,.

Another relatively flat region occurs for AV, for 10' < f <
10* Hz. In this frequency range R, is comparable to R, .
But, at 10* Hz, 8 becomes comparable with D, the substrate
thickness. This means that R, ., is described by the lower
expression in Eq. (21), which decreases as w~'?. Similarly,
since 8 < D and the heat flux does not reach the substrate/
Cu interface, R, is now approximated by

Con.sy

con.s

R.on, = 8k, (22)
and “shorts out” R,,, which no longer impacts T,. The com-
bined parallel resistance of R, and R, is now the limiting
resistance, and as it decreases with increasing f, so does AV

The sources of the discrepancy between AV, and AV, are
not clear. It was originally anticipated that the one-dimen-
sional model would predict AV, > AV, , because of the lack
of heat spreading in three dimensions. That is obviously not
the case. One possible cause for AV,, < AV, is assuming too
high a value for k. It seems that c, for this sample is relatively
low, compared to published data on LaAlO,."" The same may
hold true for k,, which would give rise to the underprediction
by the present model.

The effect of the bias current / is demonstrated in Fig. 5.
Here, the responsivity § is plotted rather than AV,. The re-
sponsivity is defined as the voltage response divided by the
incident radiative power, and is determined from

S = AV.ig,hL (23)

where 4 is the film width and L is the film length. From Eq.
(16), we expect at least a linear dependence of AV, on I. At

3
10 S e

e~ 250 pA
s — —500 pA
2 o —— 750 pA
> ) A
2 :
@ ;
6 107 L
Q 3
(7]
(4]
o E

10% 10° 10? 10* 10°

Modulation Frequency (Hz)

Fig. 5 Responsivity vs frequency as a function of bias current (D =
0.5mm and R, = 10~*m> K W),
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low frequencies, the Joule heating tends to enhance the effect
of I, especially at the higher currents. If the Joule heating
term is not included, or in other words if I', = 0 in Eq. (13),
then at low frequencies (f < 0.6 Hz) there is a 1% error for
I = 250 pA, and up to 23% error for I = 1000 pA. At
moderate frequencies (0.6 < f < 100 Hz), taking T, = 0
actually increases AV, and then as the frequency is increased
further (f > 100 Hz) there is almost no effect of neglecting
Joule heating.

Figure 6 shows the significant influence of R, on S. As
stated above in the discussion of Fig. 3, R_, has no effect on
the voltage response for high frequencies where § < D, a
trend visibly demonstrated in Fig. 6. However, as shown there
are significant effects at lower frequencies, and depending on
the frequency range, increasing R, may either increase or
decrease S. For R, = 1072 m2 W K~ !, the highest value of
R.,, from the lowest frequencies R, = R.,, so that the heat
flux passes through R, , rather than R_. At intermediate
frequencies, R,., ~ R..,,. and again we have a flat response
since the total thermal resistance is relatively constant in this
frequency range. Finally, around f = 102 Hz, 6 becomes less
than D, giving rise to the monotonic decrease in §. At the
other extreme where R, = 107> m®> W K-!', R_, is much
smaller than R, at lower frequencies, leading to the flat
response until f = 10 Hz.

The influence of substrate thickness D on S is given in Fig.
7. Note that changing D has no impact on a,. At higher fre-
quencies, all the curves merge into a common, decreasing
line, as before. However, in Fig. 7 each curve joins the com-
mon curve at different values of f, since 8 = D occurs at
different frequencies for each D. For D = (.1 mm, the small-
est value of D, 6 = D near f = 10° Hz, and for D = 1.0
mm, 6 = D atf = 14 Hz.

103 F .'- A DR IR IR AL IR IR AL
— E L s _ 2 ]
S L R,=10 1
E 10 i ~ R,=10
- — _ 4 -
> 2 % Rcu =10
= Eo_ % S L .
2’ 3 '\ :\‘_ R,=10 :
S 107" Lo ]
2 N 3
&m’ _ \\\
102 10° 102 104 108

Modulation Frequency (Hz)

Fig. 6 Responsivity vs frequency as a function of substrate/Cu ther-
mal contact resistance. R, is in units of m>* K W~' (D = 0.5 mm and
I = 500 pA).
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Fig. 7 Responsivity vs frequency as a function of substrate thickness
(R, = 10 m> KW 'and I = 500 pA).
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Fig. 8 Phonon NEP vs frequency as a function of R
of m> KW' (D = 0.5mm and I = 500 uA).

R, is in units

cu*

The final graph is presented in Fig. 8. The noise equivalent
power due to thermal fluctuations, or the phonon NEP, is
given as a function of f, for varying R,,,. The phonon NEP is
the ultimate lower limit for the total NEP, and is calculated
from'®

NEP = T,V4k,G,, (24)

where k, is the Boltzmann constant, and G, is the thermal
conductance during periodic radiative heating, and is com-
puted from

a,q.hL
.= 25
N 25)

fuate

The initial temperature 7, is used in Eq. (24) instead of the
actual temperature, since AT, is small. The curves in
Fig. 8 have trends opposite of those in Fig. 6, since NEP
* VG, whereas § =« 1/G,,.

Conclusions

A one-dimensional analytical thermal model is developed
that is capable of predicting the qualitative trends of the volt-
age response of thin-film high-T, superconductors to incident
modulated radiation. The model takes into account the pe-
riodic radiative heating of the film, the film/substrate and the
substrate/cold finger thermal boundary resistances, and Joule
heating in the film. The calculated responsivities are shown
to depend sensitively on the modulation frequency, the ther-
mal boundary resistance between the substrate and the cold
finger, and the substrate thickness.
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